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ODESSA – 2023
Topic  1. 4h Introduction to analysis. Functions. 
Functions
The fundamental objects that we deal with in calculus are functions:
A function   f   is a rule that assigns to each element  x  in a set  D  exactly one element, called   f(x), in a set  E.
There are four possible ways to represent a function:

· algebraically (by an explicit formula),
· visually (by a graph),
· numerically (by a table of values),
· verbally (by a description in words).
If a function   f(x)  satisfies   f(x)  =   f(−x), then  f  is called an even function. 

If a function   f(x)  satisfies   f(x)  =  − f(−x), then  f  is called an odd function.
A function   f(x)  is called periodic if there is a positive constant  T  such that 
f(x +T)  =  f(x)  for all values of  x  in the domain of   f. 
A function  f  is called increasing on an interval  I  if   f(x1)  <  f(x2)   for  x1 <  x2.
A function  f  is called decreasing on an interval  I  if   f(x1)  >  f(x2)   for  x1 <  x2.
There is a way of combining two functions to obtain a new function. For example,

suppose that  y = f(u)  and   u = g(x).  Since  y  is a function of  u  and  u  is, in turn, a function of   x, it follows that  y  is ultimately a function of  x. We compute this by substitution:

y = f(u) = f(g(x)).   

Function y = f(g(x))  obtained by substituting   g  into  f   is called the composition (or composite) of  f  and   g and is denoted by  f ◦g (“ f circle g”).
Definition of a Limit. The statement:
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means that   y(x)   gets arbitrarily close to  ψ  as   x  approaches   ξ.  
For any  ε  > 0  there exists a  δ > 0  such that   

| y(x)   − ψ | <  ε  for all  x  in the neighborhood    | x − ξ | <  δ.
Let exist
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A function   y(x)  is continuous at   x  =  ξ   if the value of the function is equal to its limit, that is, 
[image: image7.emf] 
If  y(x)  is continuous on [a, b]  then  y(x)  has a maximum and a minimum on  [a, b]. That is, there is at least one point   ξ  ϵ [a, b]  such that   y(ξ)  > y(x)  for all   x  ϵ [a, b]  

and  there is at least one point   ξ  ϵ [a, b]  such that   y(ξ)  <  y(x)  for all   x  ϵ [a, b].
Derivative
Consider a point  P on the curve y = f (x) and a neighbouring point Q. The line drawn through  P  and  Q  is called the secant, whose slope is
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We have

Δy = f (x + Δx)−f (x).
With  P  fixed, let the point  Q  move towards P.
It follows that in the limit, when  Q coincides
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with  P, the slope (tanα) is equal to the slope of the tangent to the curve at  P. 
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This limit is called the derivative of the function  y = f (x)  with respect to x . It is denoted by
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The derivative of the function  y = f (x)  with respect to x gives the rate of change of  y  with respect to  x.
We have defined the derivative as
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dx is called the differential of the independent variable x, 

dy is called the differential of the function  
y = f (x).

Geometrically, it means that the function is replaced by its tangent at a particular point.

Differentiation Rules
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Differentiation of fundamental functions

We now evaluate the derivative for functions which are frequently used.
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Example

Differentiate   y  =  ln(x3 + 1).

Solution. Using the chain rule, we let  u = x3 + 1. So  y = ln u, and we have
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Practice
1. Differentiate the functions:
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First derivative test
A differentiable function  f (x)  is increasing where   f ′(x)  >  0, decreasing where  
f ′(x)  <  0 and stationary where   f ′(x)  =  0.

If   f ′(x)  changes sign from positive to negative as we pass through   x = ξ   then the
point is a relative maxima. If   f ′(x)  changes sign from negative to positive as we pass through   x = ξ   then the point is a relative minima.

Higher derivatives

The second derivative  y″  of  y = f (x)  with respect to  x  is (y′)′.
By repeated  differentiation, we can obtain the  4th,   . . ., nth derivative:

[image: image73.emf].

Concavity
· If the portion of a curve in some neighborhood of a point lies above the tangent line
through that point, the curve is said to be concave upward,  f ″ (x)  >  0  where it is concave upward. 
· If it lies below the tangent it is concave downward, f ″ (x)  <  0  where it is concave downward. 
A point where the curve changes concavity is called a point of inflection. At such a point the second derivative vanishes,  f ″ (x)  =  0  . 
