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ODESSA – 2023
Topic 4. 2h Definite integral 
The area bounded by the x axis, the vertical lines  x = a  and  x = b and the function  f(x) is denoted with a definite integral, 
[image: image62.png]



[image: image2.emf]
If we add up the areas of the rectangles, we get an approximation of the area under the curve. 
[image: image3.emf].

As the Δxi’s get smaller, we expect the approximation of the area to get better. 
We define the definite integral as 

[image: image4.emf]
The integral is defined when the limit exists. This is known as the Riemann integral of   f(x).   
Properties

1. [image: image5.emf]
2. [image: image6.emf]
3. [image: image7.emf]
4. [image: image8.emf]
Consider  a  to be a constant and  x  variable, then the function F(x) defined by
[image: image9.emf]
is definite integral with variable limit of integration.  It is an antiderivative of   f(x), that is      F ′(x) = f(x). Using this integral the Fundamental Theorem of Integral Calculus can be proved:
[image: image10.emf]
We introduce the notation      [image: image11.emf]
Example. Find the integral

[image: image12.emf]
We can find the average value of a function on an interval from  x = a  to  x = b  using the
definite integral. Let  f(x)  be continuous. Then, 

 [image: image13.emf]
is the mean value of  f(x)  on [a, b].
Examples
[image: image14.emf] [image: image15.emf] [image: image16.emf]
[image: image17.emf] [image: image18.emf] [image: image19.emf]
Practice 1
[image: image20.emf]                        [image: image21.emf]                        [image: image22.emf]
Practice 2
Evaluate
1) [image: image23.emf]                                       [image: image24.emf]
2) [image: image25.emf]                               [image: image26.emf]
3) [image: image27.emf]                              [image: image28.emf]
4) [image: image29.emf]                                      [image: image30.emf]
5) [image: image31.emf]                               [image: image32.emf]
Find average value of the function on a given interval
1) [image: image33.emf]                      [image: image34.emf]
2) [image: image35.emf]       [image: image36.emf].
Integration by Parts

This method, which is also called partial integration, consists of application of the

formula 
[image: image37.emf]
Let’s take a quick look at a definite integral using integration by parts.
Examples
[image: image38.emf] [image: image39.emf]
[image: image40.emf] [image: image41.emf] [image: image42.emf].
Practice
[image: image43.emf]           [image: image44.emf]      [image: image45.emf]            [image: image46.emf]
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Double Integrals

In this section we want to integrate a function of two variables,   f (x, y). Here is the official definition of a double integral of a function of two variables over a rectangular region  R as well as the notation that we’ll use for it.

[image: image51.emf]
We need to start looking into how we actually compute double integrals. We will assume that we are integrating over the rectangle

R = [a,b]´[c, d].
Fubini’s Theorem

If f (x, y) is continuous on R = [a,b]´[c, d] then,

[image: image52.emf] 

These integrals are called iterated integrals.

We will compute the double integral by first computing

[image: image53.emf] 

and we compute this by holding x constant and integrating with respect to y as if this were an

single integral. This will give a function involving only x’s which we can in turn integrate.

Triple Integrals

The notation for the general triple integrals is,

[image: image54.emf] 

Let’s start simple by integrating over the box,

B = [a,b]´[c, d]´[r, s]

Note that when using this notation we list the  x’s  first, the  y’s  second and the  z’s  third.

The triple integral in this case is,

[image: image55.emf] 

Note that we integrated with respect to  x  first, then  y, and finally  z  here. 
Line Integrals

The line integral of  f (x, y) along C is

[image: image56.emf].
Let’s suppose that the three-dimensional curve C  is given by the parameterization,

x = x (t ),  y = y (t ),  z = z (t)             a < t < b.

then the line integral is given by,

[image: image57.emf]
We looked at line integrals of functions. Now we are going to evaluate line integrals of vector fields. We’ll start with the vector field,

F (x, y, z ) = P(x, y, z )i +Q(x, y, z) j + R(x, y, z)k

and the three-dimensional, smooth curve given by

r (t ) = x (t )i + y (t ) j + z (t )k           a < t < b

The line integral of  vector F along C is

[image: image58.emf].

Note the notation in the left side. That really is a dot product of the vector field and the

differential and the differential really is a vector. Also,  F (r (t ))  is a shorthand for,

F (r (t )) = F (x (t ), y (t ), z (t )).
So we can write

[image: image59.emf][image: image60.emf].
The line integral of f with respect to x, for example, is given by rule
[image: image61.emf].

Note that the only notational difference between this one and the line integral with respect to arc length (from the previous section) is the differential. 
