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IWS 05 2h Differential equations 
Separable equations
An ordinary differential equation is separable if it is possible, by elementary

algebraic manipulation, to arrange the equation so that all the dependent variables  (usually the  y variable) are on one side and all the independent variables  (usually the  x variable) are on the other side. The corresponding solution technique is called separation of variables.
Example An equation of the form
[image: image68.png]



is a separable equation, because if it is written in the differential form

[image: image2.emf]
then, if you wish, terms involving each variable may be placed on opposite sides of the equation. A separable equation can be solved by integrating the functions M and N.

We illustrate the process by an simplest separable equation
[image: image3.emf]
We can divide by  g(x)  yielding

[image: image4.emf]
We integrate both sides with respect to  t  and obtain

[image: image5.emf]
Since 
[image: image6.emf]
we have
[image: image7.emf]
Linear Equations. Method of Integrating Factors
An equation of the form

[image: image8.emf]
where p and g are given functions is called a general first order linear equation. 

We multiply equation by an as yet undetermined function  μ(t), obtaining

[image: image9.emf]
We see that the left side is the derivative of the product  μ(t)y, 
[image: image10.emf]
if  
[image: image11.emf]
Consequently

[image: image12.emf]
By choosing the arbitrary k  to be zero, we obtain the simplest possible function for  μ(t)
[image: image13.emf]
Using  μ(t), we get the equation
[image: image14.emf]
Consequently

[image: image15.emf]
where c is an arbitrary constant. Sometimes this integral can be evaluated in terms of elementary functions. 
However, in general this is not possible, so the general solution is

[image: image16.emf]
where  t0  is some convenient lower limit of integration. 
Homogeneous Second-Order Linear Equations
We develop a simple technique to solve the homogeneous linear equation
[image: image17.emf]
We suspect something of the form

[image: image18.emf] 
where  λ  is a constant to be determined, might work because every term in homogeneous linear equation has to be the same type of function for cancelation to occur; thus,  x  and the derivatives  must be the same form, which suggests an exponential function for  x.

This substitution instantly leads to

aλ2 + bλ + c = 0,
which is a quadratic equation for the unknown λ. It is called the characteristic equation.
Using the quadratic formula, we obtain its roots (eigenvalues)
[image: image19.emf]
These roots of the characteristic equation are called the eigenvalues corresponding to the differential equation. Each value of  λ  gives a solution
[image: image20.emf]
to the equation

[image: image21.emf]
Clearly, the values of  λ  could be real numbers or complex numbers. Thus, there are three cases, depending upon whether the discriminant  b2 − 4ac   is positive, zero, or negative.

Case 1. If b2 − 4ac > 0, then there are two real unequal eigenvalues   λ1  and  λ2. Hence, there are two independent, exponential-type solutions 

[image: image22.emf]
Therefore the general solution is

[image: image23.emf]
Case 2. If  b2 − 4ac = 0,  then there is a double root   λ1 = λ2  = −b/2a.

Then one solution is 
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where λ = −b/2a. A second independent  solution in this case is 
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Therefore the general solution in this case is

[image: image26.emf]
Case 3. If b2 − 4ac < 0 then the roots of the characteristic equation are complex conjugates having the form
λ1 = α + iβ, λ2 = α − iβ,
where
[image: image27.emf]
 then the general solution is

[image: image28.emf]
If  α < 0, these solutions represent decaying oscillations and if  α > 0, these

solutions represent growing oscillations.
IWS Practice

Practice 1

1. Solve for   y(x)  in these differential equations:
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2. Find the general solution
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Practice 2

Solve for y by using an integrating factor:
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Practice 3
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Questions
1. Differential equations. 

2. General solution of differential equation. 

3. Partial solution of a differential equation. 

4. Separable differential equations.
5. Linear differential equations of the first order.
6. Linear homogeneous second-order differential equations.[image: image67.emf]
