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ODESSA – 2023
01 Lecture  Differential calculus
Derivative
Consider a point  P on the curve y = f (x) and a neighbouring point Q. The line drawn through  P  and  Q  is called the secant, whose slope is
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We have

Δy = f (x + Δx)−f (x).
[image: image2.emf]

As  Q  gets nearer to  P  we notice that  Δx  → 0 and, as a consequence,  Δy →  0 also; but the ratio Δy / Δx tends to a definite limit since the secant  PQ  becomes the tangent to the curve at  P. Hence
[image: image3.emf]
This limit is called the derivative of the function  y = f (x)  with respect to x . It is denoted by

[image: image4.emf]
It must be clearly understood that the  d  does not multiply  y  or  x   but is the symbol for the differential  of   y  or  x;  dy/dx is read as ‘dy by dx’.

Using the above notations, we have
[image: image5.emf].
The derivative of the function  y = f (x)  with respect to x gives the rate of change of  y  with respect to  x.
Examples
We now define the instantaneous velocity as the first derivative of the position

coordinate  x  with respect to time t:
[image: image6.emf]          [image: image7.emf]
The ‘dot’ notation is frequently used when calculating derivatives with respect to time. 
The rate of change of velocity with respect to time, is referred to as acceleration. Hence the acceleration  a(t)  is defined by
[image: image8.emf].
Differential

There are situations where it is important to give separate meanings to  dx  and dy.  dx is called the differential of the independent variable x. 
Consider two points  P and  Q on the curve  y = f (x). In going from  P  to  Q  along the curve,  
Δy = f (x + Δx)−f (x).
[image: image9.emf]
during the same interval Δx = dx.  

We see 

dy ≠ Δy.
Thus the differential  dy  is an approximation for the change  Δy: the smaller the interval  Δx, the better the approximation. 
dy is called the differential of the function  y = f (x).

[image: image10.emf]
Geometrically, it means that the function is replaced by its tangent at a particular point.

Differentiation Rules
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Differentiation of fundamental functions
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Higher derivatives

The derivative y′  is itself a function of  x. This suggests that we can differentiate the derivative of the function once more with respect to x. In this way the second derivative  y″  of  y = f (x)  with respect to  x  is obtained:  (y′)′.
By repeated differentiation, we can obtain the  4th,   . . ., nth derivative:

[image: image28.emf].

In the same way as the first derivative gave us information about the slope of a function  f (x), the second derivative gives us information about the slope of the function  f ′(x), and so on.
Taylor’s series 
It is often useful to expand a function   y = f (x)  at a position  x0  with respect to 
u= x −x0 .

To obtain such an expansion we proceed as follows:
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This type of series is known as Taylor’s series.
Example
[image: image31.emf].
Procedure for the determination of maxima or minima
Step 1: Calculate the first derivative   f ′(x).   
Set   f ′(x) = 0.   Solve this equation and obtain its roots   x0, x1, x2 . . .,  at which points the function may have a minimum or a maximum.

Step 2: Calculate the second derivative f ″ (x).  
If  f ″ (x0) < 0, there is a maximum at x = x0. 
If  f ″ (x0) > 0, there is a minimum at x = x0. 
If  f ″ (x0) = 0, there is a point of inflexion at x = x0. 
Similar checks will have to be made for the points  x1, x2, . . .

Determination of limits by differentiation: L’Hôpital’s rule

l’Hôpital’s rule gives us the values of expressions at points for which the value cannot be calculated directly because indeterminate expressions arise.

1. The indeterminate expression 0/0

If 
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 then
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if the limit on the right-hand side exists. If 
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then we apply the same rule again.
2. The indeterminate expression  ∞/∞∞
If  
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then
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if the limit on the right-hand side exists.

If 
[image: image41.emf]        [image: image42.emf]
then we apply the rule once more.
Parametric form of an equation

Let
y = f (x).

If variables  x  and  y  are functions of a third variable, for example t, which is called a parameter we can express this in the following general form:

x = g(t)   and   y = h(t).
Derivative of  vector function

If a vector is given in parametric form, its derivative can be obtained by differentiating each component with respect to the parameter. If
r(t) =  x(t)i  + y(t )j.
We can find the velocity v(t) as the derivative of a position vector  r(t): 
[image: image43.emf]
The components of the velocity are:
[image: image44.emf].
Derivative of a function given in parametric form
If
x = g(t)   and   y = h(t)
then to find the derivative  y′ we proceed as follows.

Step 1: Differentiate the equations for  x  and  y  with respect to the parameter  t 
dx = g′(t)dt     and     dy = h′(t)dt.
Step 2: Rearrange to obtain the desired derivative:

dy/dx   = h′(t)/g′(t).
This is y′  of the function  y = f (x)  at the point  (x, y). 
Partial differentiation
Functions of more than one variable also occur frequently in physics and engineering.

In order to distinguish between the ordinary derivative and the derivative of function of several variables,  we use the symbol   ∂  instead of  d. This operation is called partial differentiation.
The partial derivative of  u = f (x,y,z)  with respect to  x  is defined as

[image: image45.emf].
The partial derivative fx (x,y,z) can be interpreted as the rate of change of  u = f (x,y,z)  with respect to  x  when  y  and  z  are held fixed. 

We can differentiate them partially again to obtain higher partial derivatives.

Chain rule for functions of several variables
For function of three variables  we have  w = f (x,y,z), where each of the variables

x, y  and  z  is a function of a variable  t.  This means that  w  is indirectly a function of  t,

w = f (x(t),y(t),z(t)),  and the chain rule gives a formula for differentiating  z  as a function of t:

[image: image46.emf].
Total differential of functions
For functions of one variable the differential is an approximation for the change of the function for a given   Δx, i.e.  Δy ≈ df /dxΔx.  In the same way the total differential is an approximation for the change in the function u = f (x,y,z)  for small changes in x, y and z. 
If we proceed by a small displacement along dr = (dx,dy,dz), the function changes by an amount equal to the total differential:
[image: image47.emf]
Gradient

The total differential of a function   u = f (x,y,z)   was defined as
[image: image48.emf].
It is possible to regard the total differential as a scalar product 
du = dr grad f
of two vectors the path element dr = (dx,dy,dz) and the gradient of f: 
[image: image49.emf].
The gradient has two properties:

1. The gradient points in the direction of the greatest change in   u = f (x,y,z).

2. The absolute value of the gradient is proportional to the change in  u = f (x,y,z)  per unit of

length in its direction.
