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ODESSA – 2023
02 Lecture Integral calculus

The antiderivative
The function that defines its instantaneous speed is the derivative of the function that defines the distance it has traveled from the starting point. 
Reversing this, the function that defines the cumulative displacement is the antiderivative  F of the function  f  that defines the instantaneous speed. 
It is defined by the property
dF(x) = f (x) dx.
The indefinite integral
The indefinite integral of  f  is a antiderivative  F  added to a realnumber constant  c. This is written as follows:

∫ f (x) dx = F (x) + c

where  dx  represents the differential of  x. The above expression, if read out loud, is “ the indefinite integral of  f (x) dx,” or “ the indefinite integral of  f (x) with respect to x.” 
The constant c, which appears in all indefinite integrals, arises from the fact that

the derivative of a constant is equal to the zero. 
The process of determining the indefinite integral of a given function  f(x)  is called integration,  f(x)  is called the integrand, and  c  the integration constant. 
In simple cases, it can be done using the standard table of derivatives, together with the basic properties 
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or, more generally,

[image: image2.emf]
where a, b are arbitrary constants and  f (x)  and  g (x)  are arbitrary functions.
The definite integral

Definition

The area bounded by the x axis, the vertical lines  x = a  and  x = b and the function  f(x) is denoted with a definite integral, 
[image: image3.emf]
[image: image4.emf]
Note that the area under the curve on the subinterval is approximately the area of a rectangle of base   Δxi = xi+1 − xi  and height  f(ξi), where  ξi ε[xi, xi+1]. 
If we add up the areas of the rectangles, we get an approximation of the area under the curve. 
[image: image5.emf].

As the Δxi’s get smaller, we expect the approximation of the area to get better. 
We define the definite integral as the sum of the areas of the rectangles in the limit that  Δx → 0.

[image: image6.emf]
The integral is defined when the limit exists. This is known as the Riemann integral of   f(x).   
Properties of the definite integral

1. Definite integrals are linear,

[image: image7.emf]
2. One can also divide the range of integration.

[image: image8.emf]
We assume that each of the above integrals exist. 

3. If  a < b, and we integrate from  b to a, then each of the  Δxi  will be negative. From this observation, it is clear that

[image: image9.emf]
4. If we integrate any function from a point  a  to that same point  a, then all the Δxi are zero and

[image: image10.emf]
5. The Fundamental Theorem of Integral Calculus

Consider  a  to be a constant and  x  variable, then the function F(x) defined by
[image: image11.emf]
is definite integral with variable limit of integration.  It is an antiderivative of   f(x), that is 
F ′(x) = f(x).
Using this integral the Fundamental Theorem of Integral Calculus can be proved:
[image: image12.emf]
We introduce the notation 

[image: image13.emf]
6. Mean Value Theorem of Integral Calculus. 

Let  f(x)  be continuous. Then, the mean value of  f(x)  on [a, b] is
 [image: image14.emf].
Integration by inspection

The simplest method of integrating a function is by inspection. Some of the more elementary functions have well-known integrals that should be remembered. The student will notice that these integrals are precisely the inverses of the derivatives. A few are presented below. 
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The Method of Substitution

In this method a change of variables is performed in order to obtain a simpler integral. The integrand function is expressed in terms of the new independent variable, which then becomes the variable of integration.

Example. Find the integral

[image: image27.emf]
Solution.  We let  y = 2−2x,  in order to get a simple denominator. 
With this,   dy = −2dx, or   dx = −dy/2. When   x = 0, y = 2, and when   x = 12 , y = 1,

[image: image28.emf]
[image: image29.emf][image: image30.emf]
Integration by Parts

This method, which is also called partial integration, consists of application of the

formula 
[image: image31.emf]
Improper Integrals

So far we have assumed that both limits of a definite integral are finite and that the

integrand function does not become infinite inside the interval of integration. If either of these conditions is not met, an integral is said to be an improper integral.

For example,

[image: image32.emf]
is an improper integral because its upper limit is infinite. We must decide what is meant by the infinite upper limit.
We define

[image: image33.emf]
In this mathematical limit, the upper limit of integration becomes larger and larger without bound. 

If the integral has some finite value as the upper limit is made larger and larger, the improper integral is said to converge to the value that is approached. 
Some improper integrals do not converge. We say that the integral diverges.

Another kind of improper integral has an integrand function that becomes infinite somewhere in the interval of integration. For example,

[image: image34.emf]
is an improper integral because the integrand function becomes infinite at  x = 0.

This improper integral is defined by

[image: image35.emf]
If the limit exists, we say that the improper integral converges to that limit. 
Double Integrals

The official definition of a double integral of a function of two variables over a rectangular region  R as well as the notation that we’ll use for it.

[image: image36.emf]
Note the similarities and differences in the notation to single integrals:

· We have two integrals to denote the fact that we are dealing with a two dimensional region and we have a differential here as well. 

· Note that the differential is  dA  instead of the  dx  and  dy  that we’re used to seeing. 

· Note as well that we don’t have limits on the integrals in this notation. Instead we have the  R written below the two integrals to denote the region that we are integrating over.

· Note that one interpretation of the double integral of  f (x, y)  over the rectangle  R  is the volume under the function  f (x, y)  (and above the  xy-plane). Or,

[image: image37.emf]
We will assume that we are integrating over the rectangle   R = [a,b]´[c, d].
Fubini’s Theorem tells us how to compute a double integral over a rectangle.
If f (x, y) is continuous on R = [a,b]´[c, d] then,

[image: image38.emf] 

These integrals are called iterated integrals.

Remember that when integrating with respect to  y  all  x’s  are treated as constants.
Triple Integrals

The notation for the general triple integrals is,

[image: image39.emf] 

Let’s start simple by integrating over the box,

B = [a,b]´[c, d]´[r, s]

Note that when using this notation we list the  x’s  first, the  y’s  second and the  z’s  third.

The triple integral in this case is,

[image: image40.emf] 

Line Integrals

Let’s suppose that the three-dimensional curve C is given by the parameterization,

x = x (t ),  y = y (t ),  z = z (t)             a < t < b.

then the line integral is given by,

[image: image41.emf]
We looked at line integrals of functions. Now we are going to evaluate line integrals of vector fields. We’ll start with the vector field,

F (x, y, z ) = P(x, y, z )i +Q(x, y, z) j + R(x, y, z)k

and the three-dimensional, smooth curve given by

r (t ) = x (t )i + y (t ) j + z (t )k           a < t < b

The line integral of  vector F along C is

[image: image42.emf].

Note the notation in the left side. That really is a dot product of the vector field and the

differential and the differential really is a vector. Also,  F (r (t ))  is a shorthand for,

F (r (t )) = F (x (t ), y (t ), z (t )).
So we can write

[image: image43.emf][image: image44.emf].
When evaluating line integrals be careful to first note which differential you’ve got so you don’t work the wrong kind of line integral.
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