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ODESSA – 2023
03 Lecture Differential equations
Classification of Differential Equations

A differential equation is an equation that contains at least one derivative (of any order).
1. Ordinary and Partial Differential Equations
· if ordinary derivatives appear in the differential equation, and it is said to be an ordinary differential equation. 
· if the derivatives are partial derivatives, and the equation is called a partial differential equation.

2. Systems of Differential Equations
 
If there is a single function to be determined, then one equation is sufficient. However, if there are two or more unknown functions, then a system of equations is required. 
3. The order of a differential equation
The order of a differential equation is the order of the highest derivative that appears in the equation. 
4. Linear and Nonlinear equations
Thus the general linear ordinary differential equation of order n is
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5. Homogeneous and Inhomogeneous Linear Differential Equations

If any of the nonzero terms of a linear differential equation are not a function of the dependent variable, then the equation is inhomogeneous; otherwise, it is homogeneous.

6. Constant-Coefficient and Variable-Coefficient Linear Differential Equations

If all the functions   ai(t),  i∈ {1, . . . ,n} in 
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are constants, then the linear ordinary differential equation is constant-coefficient; otherwise, it is variable-coefficient.

Solutions of Differential Equations

A solution of a differential equation is a function that satisfies the differential equation. 
In general, solutions of differential equations contain one or more arbitrary constants of integration. 
· A particular solution of a differential equation is a function that satisfies the differential equation, but contains no arbitrary constants.

· The general solution of a differential equation is a solution from which every particular solution may be obtained by an appropriate choice of values for arbitrary constants.
The data used to determine the arbitrary constants in a general solution to determine a specific particular solution are called either the initial conditions or boundary conditions.

A homogeneous solution is the general solution to an ordinary, linear, homogeneous differential equation. 
An  nth-order differential equation has  n  different homogeneous solutions. 
First order nonlinear differential equations

The general first order equation is
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It is nonlinear, there is no universally applicable method for solving this equation. Here, we 

consider a subclass of first order equations that can be solved by direct integration.

Separable equations

An ordinary differential equation is separable if it is possible, by elementary

algebraic manipulation, to arrange the equation so that all the dependent variables  are on one side and all the independent variables   are on the other side. 
We illustrate the process by an simplest separable equation
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We can divide by  g(x)  yielding
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We integrate both sides with respect to  t  and obtain
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Since 
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we have
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It may be difficult or even impossible to perform the actual integration in terms of simple and familiar functions. 
In such cases, one could use numerical methods or computer software to obtain approximate solutions.
Linear Equations. Method of Integrating Factors
An equation of the form
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where p and g are given functions is called a general first order linear equation. 

If the differential equation is multiplied by a certain function  μ(t), then the equation is converted into one that is integrable. 
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The left side is the derivative of the product  μ(t)y, 
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if  
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Thus
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Let the arbitrary k  to be zero, then the simplest possible function for  μ(t) is
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Using  μ(t), we obtain 
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Consequently
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where c is an arbitrary constant. So the general solution is

[image: image17.emf]
where  t0  is some convenient lower limit of integration. 
Homogeneous Second-Order Linear Equations
The Homogeneous Second-Order Linear Equation is
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We could use something of the form
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where  λ  is a constant to be determined.

This substitution instantly leads to

aλ2 + bλ + c = 0,
which is a quadratic equation for the unknown λ. It is called the characteristic equation.
Using the quadratic formula, we obtain its roots 
[image: image20.emf]
These roots are called the eigenvalues corresponding to the differential equation. Each value of  λ  gives a solution
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to the equation
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Clearly, the values of  λ  could be real numbers or complex numbers. Thus, there are three cases, depending upon whether the discriminant  b2 − 4ac   is positive, zero, or negative.

Case 1. If b2 − 4ac > 0, then there are two real unequal eigenvalues   λ1  and  λ2. Hence, there are two independent, exponential-type solutions 
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Therefore the general solution is
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Case 2. If  b2 − 4ac = 0,  then there is a double root   λ1 = λ2  = −b/2a.

Then one solution is 
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where λ = −b/2a. A second independent  solution in this case is 
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Therefore the general solution in this case is
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Case 3. If b2 − 4ac < 0 then the roots of the characteristic equation are complex conjugates having the form
λ1 = α + iβ, λ2 = α − iβ,
where
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 then the general solution is
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Nonhomogeneous Second-Order Linear Equations

Now we consider the nonhomogeneous equation
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where a term  f(t) is called a source term or forcing term. 

The general solution of the nonhomogeneous equation is given by the sum of the general solution   xh(t) = c1x1(t) + c2x2(t)  to the homogeneous equation and any particular solution  xp(t)  to the nonhomogeneous equation:

x(t) =  xh(t) + xp(t).
To find a specific solution  xp(t) to the nonhomogeneous equation the method of undetermined coefficients may be used. An assumption, based on the form of the source term  f(t) we substitute it into the differential equation..
Now we give some simple examples of determining an initial, trial particular solution, 
based only on the form of the forcing function  f(t):
· f(t) = 7.57,                 xp(t)  = A.

· f(t) = 9t2 − 5,        xp(t)  = At2 + Bt + C.

· f(t) = 2sin3t,       xp(t)  = Acos3t + B sin3t.

· f(t) = −9e5t,          xp(t)  = Ae5t.

· f(t) = 2.6te−6t,          xp(t)  = (At + B)e−6t.

· f(t) = e−2t sin4t,    xp(t)  = e−2t(Acos4t + B sin4t).

Substituting this guess into the differential equation gives the algebraic equations
for  A, B  and  C  to obtain the particular solution xp(t).
