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ODESSA – 2023
Topic 1. 4h Translational and rotational motion
Kinematics

To avoid confusion in the discussion of motion, it is important to refer the motion to a frame of reference, in which the motion is measured. The frame of reference generally takes the form of a set of coordinate axes in which the motion is pictured and clock.

Uniform Motion in a Straight Line

We can assign to any object a unique point called the object’s center of mass. 

We recall that the coordinates of the center of mass  x0  of a system of particles are given by 

[image: image49.png]


and similarly for the y coordinate of the center of mass y0 and the z coordinate z0.
The motion of any object can then be thought of as consisting of two parts: motion of the center of mass and motion about the center of mass.

If a body moves so that all of its composite pieces do exactly what the center of mass does the body is said to undergo a rigid translation . 
An object undergoing a rigid translation can be treated as a point particle, a mass without spatial size. Its shape and extent in space are irrelevant.

The simplest type of motion is that in which a body traverses equal distances along a straight line in equal time intervals; this type of motion is called uniform motion in a straight line. 
Consider the motion along a curved path, sometimes called curvilinear motion. 
The distance traveled along the curved path is denoted by s, measured from some arbitrary reference point A on the path. The average speed v of the body is the distance traversed divided by the elapsed time t:
[image: image2.emf]
The instantaneous speed v may then be determined by a limiting process as 
[image: image3.emf]
One other aspect of motion is the direction in which it takes place. When we wish to specify that a body has moved from a point A to a point B, we can use a vector directed from A to B; this vector is the displacement of the body. If  s  is the distance from A to B, the displacement is  s  a vector drawn from A to B.

To specify both the speed of a body and its direction of motion, we use the term velocity. The direction of the velocity is the same as that of the displacement. 

The average velocity is the vector displacement divided by the time interval for performing this displacement 

[image: image4.emf]
The displacement will not, in general, coincide with the actual path, but as the two points are taken closer and closer, the displacement practically coincides with the actual path along the curve.

The direction of the displacement is then tangent to the path at P. The magnitude of the instantaneous velocity v at P is the instantaneous speed v at P, and its direction is tangent to the path at P.
The instantaneous velocity may be written as

[image: image5.emf]
Of very great interest is the motion of a body in which its velocity changes. 
The discussion of motion with varying velocity can best be dealt with in a quantitative manner by the introduction of the concept of acceleration.

The acceleration of a body is defined as the change in its velocity divided by the time in which the change takes place. Just as in the case of velocity, we must distinguish between average acceleration and instantaneous acceleration
[image: image6.emf]
Newton's Laws of Motion

First law: A body at rest will remain at rest, and a body in motion will continue in motion 'Utith comtant speed in a straight line, as long as no net force acts on it.

Second law: If a net force acts on a body, the body will be accelerated; the magnitude of the acceleration is proportional to the magnitude of the force,and the direction of the acceleration is in the direction of the force.

Third law: Whenever one body exerts a force on another, the second body exerts a force equal in magnitude and opposite in direction on the first body.

The Scalar Product
We define the scalar product of these two vectors as the product of the magnitude of A by the magnitude of  B by the cosine of the angle between them. 
The scalar product of the two vectors A and B is sometimes called the dot product because it is represented by writing A·B. Thus we have

A·B = AB cos θ,

where θ is the angle between the vectors A and B when they are drawn from a common origin.
Work Done by Forces

An important concept that has been developed in physics is that of the work done on a body by the action of some external agent which exerts a force on this body and produces motion. 
For example, whenever someone lifts a body, he does work by exerting a force upward on it and moving it upward.
In the limit of small displacement,
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From the definition of the dot product, the angle θ is always the angle between the vectors F and s when these two vectors are drawn from a common origin.
Work and Energy

Whenever work is done, some change is produced in the body or system of bodies on which the forces acted. 

To describe these changes, another technical term is used. We say that,the work done produces 
a change in the energy of the body or system of bodies. The change in energy is defined as equal to the work done on the body or system of bodies. 

We shall see that it is possible for a body to gain energy as a result of work done upon it, and, conversely, a body may lose energy by doing work upon a second object.

Conservation of Energy

In the absence of dissipative forces, such as friction, the total mechanical energy of a system is constant. This principle, known as the principle of conservation of mechanical energy, is of great usefulness in the solution of many problems in mechanics. 
Initially discovered in mechanics, the principle of energy conservation has become one of the most fundamental and unifying principles of physics, and indeed, of all science. 

In more general and extended form, the principle of conservation of energy states that 
energy may be tramformed from one type to another without loss, and that in a closed system the total amount of energy remains constant.

Power

In many cases the time in which a given amount of work is done is of great importance. The term average power is defined as the average rate of doing work, or the work done divided by the time during which the work is done.

We define the instantaneous power as
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The units of power one watt equals one joule per second.

We can derive an equation which is often quite useful, relating the power expended, the applied force, and the velocity
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Momentum

An extremely important concept in the development of mechanics is that of momentum. 
The momentum of a body is defined as the product of its mass by its velocity. 
We shall use the symbol p to denote the momentum of a body. 
The second law of motion expressed in modern terms would read: 
the rate of change of momentum is equil to the net force and is in the direction of that force. Expressed in the form of an equation, Newton's second law would read
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In the special case in which F = 0, P is constant. Thus 
if a system of particles is acted on by no external force, the total momentum of the system of particles is constant. 
This statement is known as the principle of conservation of momentum. 
The principle of conservation of momentum, like the principle of conservation of energy, is valid in all realms of physics, from subatomic to astronomical.

A theorem which is extremely useful in understanding the behavior of many mechanical systems, and one which is very easily proved, states that 
the momentum of a system of particles is equal to the product of the mass of the entire system by the velocity of its center of mass.
Impulse

In many mechanical problems the applied force is not steady, nor can the force be described in terms of simple mathematical functions. 

The product of a force by the time interval during which the force acts is called the impulse. When a force F acts for a time interval, the impulse ΔJ is given by the formula
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We shall show that an impulse acting upon a particle produce a change in its momentum.

Let us consider the incremental form of Newton's second law. We have
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we may follow the procedures of the integral calculus to find total impulse
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Thus, when an arbitrary impulsive force strikes a body, the impulse is equal to the difference between the final momentum Pf and the initial momentum Pi.
In general, it is quite difficult to measure an impulse, but it is easy to observe a change in momentum.

Elastic and Inelastic Impact

While in every collision between bodies the total momentum remains the same before and after the impact when the system is acted upon by no external forces, the mechanical energy of the system does not necessarily remain constant. 

Collisions in which the total kinetic energy remains constant are called elastic,
 while collisions in which the total kinetic energy is less after the collision than it was before the collision are called inelastic.

In an inelastic collision the kinetic energy lost in the impact is transformed to sound energy, to heat energy, and to the energy required to deform or fracture a body.
Motion of the rigid solid

We’ve already shown how to account for the translational motion of the center of mass. We now turn to the other motions about the center of mass as viewed from a reference frame fixed to the center of mass.

If the solid is rigid a complete description of its motion includes the translational motion of the center of mass and the rotational motion about the center of mass.

Because this nice separation of the problem can be made, we now present the description of pure rotational motion of a rigid body about a fixed axis of rotation. In this case all points of an object rotate in circles about some fixed point on the axis of rotation.
Circular Motion

We will restrict ourselves to motion in which the polar coordinate r is constant, or fixed; that is, the particle is constrained to move in a circular path.

If the particle is initially at the point Pi  at angle θi  and is finally at position Pf at angle θf, we say that its angular displacement  is given by 
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angles are measured counterclockwise from the x axis. 
The instantaneous angular speed ω  is 
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A particle whose angular speed ω is changing is said to have angular acceleration.

To describe more completely a rotational motion with constant angular speed ω, it is necessary to specify both the angular speed ω and the direction of the axis of rotation.

We may describe the angular velocity ω of a particle in circular motion as a vector quantity whose magnitude is its angular speed ω and whose direction is along the axis about which the particle is rotating. 

The sense of the angular velocity vector ω is given by the right-hand rule: 
If the bent fingers of the right hand are pointed in the direction of rotation of the particle, the outstretched thumb indicates the direction of the angular velocity ω along the axis of rotation.

The angular speed ω of every particle of a rotating disk is equal to the angular speed ω of the disk, but the instantaneous linear speed v of each particle depends upon its position. In the form of an equation we have
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Angular Acceleration

Since angular velocity ω is a vector quantity, it can change in either direction or magnitude or in both. We shall consider changes in the magnitude of the angular velocity ω only. 
The instantaneous angular acceleration α is 
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We shall deal only with the case in which the motion takes place about a fixed axis. The angular velocity vector ω and the angular acceleration vector α will always be directed parallel to that axis. 
Angular acceleration and linear acceleration

When a rigid body rotates about a fixed axis with constant angular acceleration α, each particle of the body has the same angular acceleration, but the linear acceleration a of each particle will be different. 
The linear acceleration a of a particle may be resolved into two components, 
one component at  tangent to the path and given by the time rate of change of the speed of the particle, and 
the other component ac, the centripetal acceleration, directed perpendicular to the velocity and parallel to the radius of the circle in which the particle is moving.
When an object moves in uniform circular motion with linear speed v, it is accelerated toward the center of the circle with an acceleration a given by

[image: image20.emf]
We call the acceleration of a particle moving in uniform circular motion centripetal acceleration; the word "centripetal" means "directed toward the center."

If we differentiate 
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with respect to time, neglecting the change in direction of v and considering only the change in magnitude, that is, the change in the angular speed ω of the particle, we obtain

[image: image22.emf]
By definition, the rate of change of the linear speed is the component of the acceleration measured along the path, hence the tangential acceleration at   while the rate of change of the angular velocity is the angular acceleration a. Thus we find

[image: image23.emf]
The tangential component of the acceleration at depends upon the angular acceleration α, while the centripetal component of the acceleration ac depends upon the angular velocity ω. 
If the particle is moving with uniform speed in a circle, the centripetal acceleration is the total acceleration. 
If the speed is increasing or decreasing while the particle is moving in a circle, then its total acceleration a is made up of two components at and ac.  
Since these two components are at right angles to each other, we have

[image: image24.emf]
Kinetic Energy of Rotation

A rigid body rotating with uniform angular speed w about a fixed axis possesses kinetic energy of rotation. Its value may be calculated by summing up the individual kinetic energies of all the particles of which the body is composed.
[image: image25.emf]
Each particle of a rigid body rotates with uniform angular speed w. Let us express the instantaneous linear speed of each particle in terms of the common angular speed. Remembering that v = wr, we substitute for v in the above equation to find
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so that the kinetic energy of the rotating body may be written as

[image: image27.emf]
The factor I
[image: image28.emf]
 is called the moment of inertia I of the rotating body with respect to the particular axis of rotation. 
In the motion of rotating systems, the moment of inertia plays a role analogous to that of the mass in translational systems or in linear motion. 
Unlike the mass, which is a constant for a particular body, the moment of inertia depends upon the location and direction of the axis of rotation as well as upon the way the mass is distributed.

A body which is composed of a distribution of matter must be imagined as segmented into small pieces approximating point masses. The moment of inertia is calculated by an integral, and in the language of the calculus, if  dm represents the mass of one element of the body of volume dv, located at a distance r  from the axis of rotation, the moment of inertia of the body is given by

[image: image29.emf]
If the body is of density ρ, the mass of a small element of volume dv is given by

[image: image30.emf]
and the moment of inertia may be written as 
[image: image31.emf]
The Parallel Axis Theorem

A theorem in mechanics which is very useful in the study of rotational motion is called the parallel axis theorem which states that 
if the moment of inertia of a body about an axis through its center of mass is known, the moment of inertia of the body about any axis parallel to the first is given by the moment of inertia about the axis through the center of mass plus the product of the mass of the body by the square of the perpendicular distance between the two axes.

In the form of an equation we write

[image: image32.emf]
where  Ic  is the moment of inertia of the body about an axis through its center of mass,  M  is the
mass of the body, and  R  is the perpendicular distance from the center of mass to the axis of rotation.
Torque

The effect of a force in producing rotation is determined by two factors,

(a) the force itself and 
(b) the distance of the line of action of the force from some line considered as an axis of rotation. 
The effect of the force in producing rotation about the axis through O, called the torque, is defined as the product of the force and the perpendicular distance from the axis to the line of action of the force. If  G  represents the magnitude of the torque, then

[image: image33.emf]
The units used for expressing a torque must be those appropriate for the product of a force and a distance, newton meters (nt m).

The disposition of the fingers and thumb of the right hand are commonly used to represent vector quantities involving rotation.

The right hand rule: if the fingers of the right hand follow the direction of rotation, the thumb will point in the direction in which the arrow should be drawn along the axis of rotation.

The Vector Product

We have seen the scalar product, in which the product of two vector quantities is a scalar quantity which has been so defined as to be ideally suited to represent work.

A second product, called the vector product, has been defined so as to be ideally suited to represent torque. Given two vectors A and B we define their vector product as a vector C which is perpendicular to the plane formed by A and B whose magnitude is given by 
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and whose direction is given by the right-hand rule. 
The vector product is usually represented by the symbol “x” and is therefore called the cross product, to distinguish it from the scalar product or dot product.

The torque G developed by F about the axis of rotation is given by

[image: image35.emf]
and the magnitude of G is G, given by
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which is precisely the product of the force by the perpendicular distance between the line of action of the force and the axis of rotation, the moment arm. 
The great virtue of the cross-product notation for the representation of torque lies in the fact that the one rule for the determination of the cross product is adequate for many laws of physics. 
We must note that the order of the factors which appear in the cross product is of some importance: 

[image: image37.emf]
Torque and Angular Acceleration

If an external torque  G acts on the body, it will acquire an angular acceleration α given by

[image: image38.emf]
where  G is the sum of all the external torques acting on the body about a fixed axis, and  I is the moment of inertia of the body about the same axis. This equation represents a special form of Newton's equation applied to rotational motion.

Rotational Work, Power and Energy

Whenever a rigid body is set into rotation about an axis, work is done by the torques acting on it to increase its kinetic energy of rotation.

[image: image39.emf]
or the work done by a torque G is equal to the product of the torque and the angle dθ through which it acts.

Just as in the case of the work done by a force, the work of an applied torque is done by the component of the torque parallel to the axis of rotation.
If the constant torque  G  is applied for a time  dt  to the rotation about a fixed axis, then we may find the power P by dividing both sides of equation by the time  dt,
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[image: image41.emf]
Thus the power expended by a constant torque G applied for a time t is equal to the product of the torque by the angular velocity. This equation is the rotational analogue of the equation

[image: image42.emf]
If a constant torque acts on a rigid body which is rotating about a fixed axis, then, from the principle of conservation of mechanical energy, assuming no loss due to friction, the work done by the torque will produce a change in the kinetic energy of the body given by

[image: image43.emf]
in which ωf is the final angular speed of the body, ωi is the initial angular speed of the body, and θ is angular displacement through which the torque has acted.

Angular Momentum and Angular Impulse

A rigid body rotating about a fixed axis has an angular momentum Pθ about this axis given by

[image: image44.emf]
where I is the moment of inertia of the body about this axis. 
To change the angular momentum of a body, an external torque must be applied to it. We may write Newton's equation applied to rotational motion as
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the torque acting on a rigid body is equal to the rate of change of the angular momentum. 
It may be shown that a system of particles obeys the same rule: 
The rate of change of the total angular momentum of the system of particles is equal to the sum of the external torques acting on the system of particles. 
In the absence of external torques, the angular momentum of a rigid body is constant.

This is known as the law of conservation of angular momentum, and, like the principle of conservation of energy and the conservation of linear momentum, is one of the most important general principles of mechanics.

Since the angular momentum is a vector quantity, a rigid body set spinning on its axis will maintain its direction of rotation as well as its angular speed, providing no external torque acts on it.

Rotational Motion and Linear Motion

From the definitions of velocity and acceleration, a few mathematical manipulations enabled us to obtain equations relating such quantities as displacement, velocity, acceleration, and time, which were of considerable usefulness in describing the motion of a particle. 
For rotational motion it will not be necessary to repeat the development of these equations. We have already seen that many of the equations developed for linear motion could be transcribed to the problem of angular motion simply by replacing the symbols used to describe linear motion by a set of symbols appropriate to angular motion. 
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