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Electricity
Electric charge is a fundamental property of matter: the amount of charge that is “on” or “carried by” a particle determines how the particle reacts to electric and magnetic fields. 
Charge and mass are both primary entries in our dictionary of physics terms, but it is not possible to give definitions for these fundamental entries in our dictionary.

In the SI system of units, charge is measured in coulombs (C) in honor of French physicist Charles de Coulomb (1736–1806). 
The charge is on a single proton e  = 1.60 ∙10-19 C, on a single electron – e.
The symbol  e  is usually used to denote the magnitude of the charge on an electron or a proton. 

We use the symbols  q  and  Q  to denote charge in general. 
Electric charge is conserved. That is, the total charge of the universe is a constant. Although charge cannot be created or destroyed, it can be transferred between objects in contact, which is particularly apparent when friction is applied between certain objects.  
All objects consist of negatively charged electrons and positively charged protons, and hence, depending on the balance of the two, can themselves be either positively or negatively charged.
Electric fields
Charges interact through an electric field. An electric field is said to exist in the region of space around a charged object. When another charged object enters this electric field, an electric force acts on it. 

The electric field E at a point in space is defined as the electric force F acting on a positive test charge q0 placed at that point divided by the magnitude of the test charge
[image: image92.png]


.
The vector E has the SI units of volts per meter (V/m), and its direction is the direction of the force a positive test charge experiences when placed in the field. 
We say that an electric field exists at a point if a test charge at rest at that point experiences an electric force. 
Once the magnitude and direction of the electric field are known at some point, the electric force exerted on any charged particle placed at that point can be calculated from 

[image: image2.emf].

According to Coulomb’s law, the force exerted by q on the test charge is

[image: image3.emf]
where [image: image4.emf] is a unit vector directed from  q  toward  q0. The constant  k   has the value
k = 8.99 ∙ 109 N ∙ m2/C2.

The direction of the electric force on each of the charges is along the line that connects the two charges. This force is repulsive for like charges and attractive for opposites.

Another way to write Coulomb’s law is

[image: image5.emf]
ε0  is yet another physical constant called the permittivity of free space, having the value

ε0 = 8.85 ∙ 10-12 C2 ∙ N-1 ∙ m-2 .
Every charge creates around it an electric field, proportional to the size of the charge and decreasing as the inverse square of the distance from the charge
[image: image6.emf].
Electric fields “superimpose,” or add. Thus the field generated by a collection of charges is just the sum of the electric fields generated by each of the individual charges.  
If the charges are discrete, then the sum is just vector addition. So to calculate the electric field at a point P due to a group of point charges, we first calculate the electric field vectors at  P individually and then add them vectorially. 
[image: image7.emf]
This superposition principle applied to fields follows directly from the superposition property of electric forces. 
If the charge distribution is continuous then the total electric field can be calculated by integrating the electric fields  d E  generated by each small chunk of charge  dq  in the distribution.  
[image: image8.emf].
When performing such calculations, it is convenient to use the concept of a charge density along with the following notations:
• the volume charge density ρ and the total charge  Q  are
[image: image9.emf],        [image: image10.emf],
ρ  has units of coulombs per cubic meter (C/m3).

• the surface charge density σ   and the total charge  Q  are
[image: image11.emf],             [image: image12.emf],
σ  has units of coulombs per square meter (C/m2).

• the linear charge density  λ   and the total charge  Q  are   
[image: image13.emf],           [image: image14.emf],
λ  has units of coulombs per meter (C/m). 

V, A  and  l  stand for volume, area and length respectively.
A convenient way of visualizing electric field patterns is to draw lines that follow the same direction as the electric field vector at any point.
These lines, called electric field lines, are related to the electric field in any region of space in the following manner:

• The electric field vector E  is tangent to the electric field line at each point.

• The number of lines per unit area through a surface perpendicular to the lines is proportional to the magnitude of the electric field in that region. 
Thus, E is great when the field lines are close together and small when they are far apart.
If you surround some region of space with a closed surface, then observing how much field “flows” into or out of that surface tells you how much charge is enclosed by the surface. 
The picture of fields “flowing” from charges is formalized in the definition of the electric flux ΦE. If the field E  makes an angle α  with the surface of area  A, the flux Φ  of  an electric field E  through the surface is defined as 
[image: image15.emf]
The scalar ΦE  has the SI units of weber (Wb) .
We can generalize this to non-flat surfaces by breaking up the surface into small patches which are flat and then integrating the flux over these patches. Thus, in general:

[image: image16.emf].
ΦE  is the total flux through a closed surface, so its value depends on the magnitude and direction of the electric field at all points on the surface.

By convention, the flux through a surface is 
· positive if the field is directed out of the region contained by the surface, 
· negative if the field is directed into the region.
Gauss’s law states that the electric flux through any closed surface is proportional to the total charge enclosed by the surface:

[image: image17.emf].
A closed surface is a surface which completely encloses a volume. 
Gauss’s law with dielectric can be rewritten as

[image: image18.emf] [image: image19.emf],

where  ε = ε0k  is called the dielectric permittivity. Alternatively, we may also write

[image: image20.emf]      [image: image21.emf],
where   D  is called the electric displacement vector.
We can compute the electric flux through any surface, open or closed, but to apply Gauss’s Law we must be using a closed surface, so that we can tell how much charge is inside the surface. 
Gauss’s Law is our first Maxwell’s equations, and concerns closed surfaces.

Electric potential

When the test charge is moved in the field by some external agent, the work done by the field on the charge is equal to the negative of the work done by the external agent causing the displacement. 
For an infinitesimal displacement  ds,  the work done by the electric field on the charge is 

[image: image22.emf]
As this amount of work is done by the field, the potential energy of the charge–field system is decreased by an amount 

[image: image23.emf]
For a finite displacement of the charge from a point A to a point B, the change in potential energy of the system is

[image: image24.emf]
The integration is performed along the path that  q0  follows as it moves from A to B, and the integral is called either a path integral or a line integral (the two terms are synonymous). 
This line integral does not depend on the path taken from A to B, because the force  q0E  is conservative. A force  F  is conservative if the line integral of the force around a closed loop

vanishes:
[image: image25.emf].
The potential energy per unit charge  U/q0  is independent of the value of  q0  and has a unique value at every point in an electric field. This quantity is called the electric potential V:
[image: image26.emf]
Electric potential is a scalar characteristic of an electric field.

The potential difference between any two points A and B in an electric field is defined as the change in potential energy of the system divided by the test charge q0 :
[image: image27.emf].
Because electric potential is a measure of potential energy per unit charge, the SI unit of electric potential and potential difference is joules per coulomb, which is defined as a volt (V).
A common assignment is to call the potential at infinity (far away from any charges) zero. In order to find the potential anywhere else you must integrate from this place where it is known (e.g. from A = ∞, VA = 0) to the place where you want to know it.  
A charge q in potential V will have a potential energy 
U = qV.

As long as the potential is not constant, the object will feel a force, in a direction such that its potential energy is reduced. Mathematically that is the same as saying that 
F = − gradU,
hence, since 
F = qE ,      E = − gradV .
That is, if you think of the potential as a landscape of hills and valleys (where hills are created by positive charges and valleys by negative charges), the electric field will everywhere point the fastest way downhill. 
In Cartesian coordinates, the components may be written as

[image: image28.emf].
An equipotential surface is one on which all points are at the same electric potential. Equipotential surfaces are perpendicular to electric field lines. 

The electric potential due to a point charge at any distance r  from the charge is

[image: image29.emf]
We can obtain the electric potential associated with a group of   n point charges by summing the potentials due to the individual charges (principle of superposition):

[image: image30.emf].
The electric potential due to a continuous charge distribution is

[image: image31.emf].
The electric field stores energy. The energy density in the electric field is given by

[image: image32.emf].
SI unit of energy density is joules per cubic meter ( J/m3 ).
The potential energy associated with a pair of point charges separated by a distance r12 is

[image: image33.emf].
This energy represents the work required to bring the charges from an infinite separation to the separation r12 . 

We often deal with the motion of electrons or protons, both of which have a charge of magnitude e. Also, we are often concerned with the energy gained or lost as an electron or ion moves through a potential difference measured in volts. 
For these reasons, it is convenient to define a unit of energy called the electron-volt, the energy gained or lost when an electron travels through a potential difference of 1 V. The electron-volt is abbreviated as “eV”; it is not part of the SI system of units, but we can relate the electron-volt to the joule:
1eV = 1.60 ∙10-19 J.
Electric dipoles
The electric dipole is a very common charge distribution consisting of a positive and negative charge of equal magnitude  q,  placed some small distance  d  apart.  
We describe the dipole by its dipole moment  p, 
p = qd
which points from the negative to the positive charge. 
Like individual charges, dipoles both create electric fields and respond to them.  
The electric forces acting on the two charges are equal in magnitude but opposite in direction. They produce a net torque on the dipole; as a result, the dipole rotates in the direction that brings the dipole moment vector into greater alignment with the field. The torque is

[image: image34.emf].
When placed in an external field, a dipole will attempt to rotate in order to align with the field. 

The potential energy of an electric dipole in a uniform external electric field is

[image: image35.emf].
Electrocardiography

Electrography is a complex of methods based on registration and measuring of electric potentials of  biological objects, particularly for diagnostic purposes.   A good illustration for it is the electrocardiography. 

We model the torso as an infinite homogeneous conductor. Now consider how the current flows in the surrounding three-dimensional medium. Suppose that the surrounding medium is infinite, homogeneous and isotropic and has conductivity σo. 
If a current  io  enters the surrounding medium at the origin, the current density  j  is 
directed radially outward and has spherical symmetry. The current density  j  has magnitude 

j = io/4πr2.

The magnitude of the electric field E  is 
E = j/σo = io/4πσor2.

We speak of   io  as a point current source. We can use the expression for the electric field to calculate the exterior potential. 
Then the potential at distance r from a point current source  io  is 

[image: image36.emf]
Each myocardial cell depolarizes and repolarizes during the cardiac cycle. These cells are short—about 100 μm in length—but are interconnected. Current i  flows within each cell during depolarization and a return current flows in the surrounding tissue. 
We assume that each cell as it depolarizes has a current dipole moment p. The current-dipole moment p  is the product of the current i  and the separation of the source and sink d:   
p = id.
Vector p  has units of  A ∙ m.

The potential of each cell current-dipole at the point of observation is given by 

[image: image37.emf]
r  is the vector from the cell to the point of observation and is different for each cell. 

However, the observation point is so far from the heart that all points in the myocardium are nearly equidistant from it. 
This assumption allows us to speak of the instantaneous total current-dipole moment p, which is the sum of the dipole moments pi  of all depolarizing cells at that instant. 
p = p1 + p2 + p3 + … + pn.
The total current-dipole moment changes with time as the myocardium depolarizes and then repolarizes: 
[image: image91.emf]Figure. The locus of the tip of the total current-dipole vector during the cardiac cycle. The x axis points to the patient’s feet, the y axis to the patient’s left, and the z axis from back to front. 
· The small loop labeled P occurs during atrial depolarization. 
· The loop labeled QRS is the result of ventricular depolarization. 
· Ventricular repolarization gives rise to the “T wave.” 
· Atrial repolarization is masked by ventricular depolarization. 

 If the depolarization can be described by a single current-dipole vector, only three measurements are needed in principle, corresponding to the projections on three perpendicular axes. A plot of the x, y, and z components of p is shown in Fig. 
[image: image38.emf]     [image: image39.emf]    [image: image40.emf]
The three components of the total current-dipole vector p as a function of time.   
An electrocardiogram (ECG) is a recording of the electrical activity of the heart over time produced by an electrocardiograph, usually in a noninvasive recording via skin electrodes.
Direct electric current

Many electric phenomena occur under what is termed steady-state conditions. This means that such electric quantities as current and charge distributions are not affected by the passage of time.  

In an electric circuit under steady-state conditions, the flow of charge does not change with time and the charge distribution stays the same. Since charge flows from one location to another, there must be some mechanism to keep the charge distribution constant. In turn, the values of the electric potentials remain unaltered with time. Any device capable of keeping the potentials of electrodes unchanged as charge flows from one electrode to another is called a source of electromotive force. 

The electromotive force (emf) E over a given segment of a circuit is a quantity equal to the ratio of the work  Wext  done by extraneous (nonelectrostatic) forces in moving a charge to the magnitude of the charge  q:
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The voltage U  over a segment of a circuit is the quantity equal to the ratio of the total work  W  done by electrostatic and extraneous forces in moving a charge along this segment to the magnitude of the charge  q:
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The voltage U  over a segment of a circuit is equal to the sum of the potential difference and of the electromotive force
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If a segment of a circuit is uniform and not subject to extraneous forces, the emf equals zero and the voltage equals to potential difference.

The electromotive force, voltage and potential difference are measured in volts (V).

The current is the amount of charge crossing a plane transverse to the wire per unit time. If there are  n  free particles of charge  q  per unit volume with average velocity  v  and the cross-sectional area of the wire is  A, the current  i  is
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where  dQ  is the amount of charge that crosses the plane in a time interval dt. 

The current  i is defined to have a positive value in the direction of flow of positive charges. If the moving charges that constitute the current i  in a wire are electrons, the current is a positive number when it is in a direction opposite to the motion of the electrons. 

The unit of current is the ampere (A). 
The ampere has been defined as the constant current, which, if maintained in two straight parallel conductors of infinite length of negligible circular cross section and placed one metre apart in a vacuum, would produce between these conductors a force equal to 2×10-7 newton per metre of length. 
The instrument for measuring electric current is called ammeter. 

A current flowing through a wire heats it. The power P dissipated in a resistance R through which current i  flows is given by
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Electric power is measured in watts. Watt is equal to one joule of work performed per second. 

A useful quantity related to the flow of charge is current density, the flow of current per unit area. Symbolised by 
[image: image46.wmf]r
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and is measured in amperes per square metre.

For many materials, the current density is directly proportional to the electric field. This behaviour is represented by Ohm's law: 
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The proportionality constant  σ  is the conductivity of the material. Conductivity characterises materials on the basis of how well electric current flows in them. The unit of conductivity is mho per metre, or ampere per volt-metre. 
In a metallic conductor, the charge carriers are electrons and, under the influence of an external electric field, they acquire some average drift velocity in the direction opposite the field.
If the wire has a length l and area  A and if an electric potential difference of  V  is maintained between the ends of the wire, a current i will flow in the wire. The electric field  E  in the wire has a magnitude  V/l. The equation for the current, using Ohm's law, is
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The quantity  R, which depends on both the shape and material of the wire, is called the resistance. Resistance is the property of an electric circuit or part of a circuit that transforms electric energy into heat energy in opposing electric current. 
The unit of resistance is the ohm, (Ω). It is equal to the resistance of a circuit in which a potential difference of  1 volt produces a current of  1 ampere.

The instrument for measuring electrical resistance, is called ohmmeter. 

The reciprocal of the resistance, 1/R, is called the conductance and is expressed in units of reciprocal ohm, called mho. 

Electrical resistance of a conductor of unit cross-sectional area and unit length is called resistivity ρ
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The unit of resistivity is ohm-metre. 

Kirchhoff's laws of electric circuits

Two simple relationships can be used to determine the value of currents in direct-current circuits. These two statements about multi-loop electric circuits embody the laws of conservation of electric charge and energy and may be used to determine the value of the electric current in each branch of the circuit.

Kirchhoff's laws are as follows:

1. The sum of currents entering a junction equals the sum of currents leaving that junction. 

2. The sum of electromotive forces in a loop equals the sum of potential drops in the loop. 

Kirchhoff's laws can be applied to circuits with several connected loops. The same rules apply, though the algebra required becomes rather tedious as the circuits increase in complexity.

Alternating electric currents
The basic laws that mathematically describe the performance of electric circuits are Ohm's law and Kirchhoff's circuit rules.

Circuits include such basic electrical components as resistors, capacitors and inductors. All three components provide some impedance to the flow of alternating currents. Electrical impedance includes both resistance and reactance: 

· Resistance is the property of an electric circuit or part of a circuit that transforms electric
energy into heat energy in opposing electric current.

· Reactance is the measure of the opposition that a circuit or a part of a circuit presents to
electric current insofar as the current is varying or alternating. 
Reactance is present in addition to resistance when conductors carry alternating current. Steady electric currents flowing along conductors in one direction undergo opposition called electrical resistance, but no reactance.

Reactance also occurs for short intervals when direct current is changing as it approaches or departs from steady flow, for example, when switches are closed or opened.

We learned that changing magnetic flux can induce an emf according to Faraday’s law of induction. In particular, if a coil rotates in the presence of a magnetic field, the induced emf varies sinusoidally with time and leads to an alternating current (AC), and provides a source of AC power. An example of an AC source is 
[image: image51.emf]
where the maximum value V0 is called the amplitude.

The sine function is periodic in time. This means that the value of the voltage at time t will be exactly the same at a later time t = t +T where T is the period. The frequency,  f , defined as   f = 1/T ,  has the unit of inverse seconds, or hertz (Hz). The angular frequency is defined to be 

[image: image52.emf].
When a voltage source is connected to an RLC circuit, an AC current will flow in the circuit as a response to the driving voltage source. The current, written as 

[image: image53.emf]
will oscillate with the same frequency as the voltage source, with an amplitude  I0  and phase  that depends on the driving frequency. 

Before examining the driven   RLC  circuit, let’s first consider the simple cases where only one circuit element (a resistor, an inductor or a capacitor) is connected to a sinusoidal voltage source. 

1 Purely Resistive load 

Consider a purely resistive circuit with a resistor connected to an AC generator. 

Applying Kirchhoff’s loop rule yields 

[image: image54.emf]
The  instantaneous current in the resistor is given by 

[image: image55.emf].
We find  that the current and the voltage across the resistor are in phase with each other, meaning that they reach their maximum or minimum values at the same time.
2 Purely Inductive Load 

Consider now a purely inductive circuit with an inductor connected to an AC generator. Applying the modified Kirchhoff’s rule for inductors, the circuit equation reads 

[image: image56.emf].
Integrating over the above equation, we find

[image: image57.emf].
We see that the amplitude of the current through the inductor is 

[image: image58.emf],
where 

[image: image59.emf]
is called the inductive reactance. It has SI units of ohms, just like resistance. 

However, unlike resistance, inductive reactance depends linearly on the angular frequency. Thus, the resistance to current flow increases with frequency. This is due to the fact that at higher frequencies the current changes more rapidly than it does at lower frequencies. On the other hand, the inductive reactance vanishes as frequency approaches zero. 

The current and voltage plots and the corresponding phasor diagram are shown in the below. 

As can be seen from the figures, the current is out of phase with voltage by  π/2
it reaches its maximum value after voltage does by one quarter of a cycle. Thus, we say that the current lags voltage by  π/2  in a purely inductive circuit.

3 Purely Capacitive Load 

In the purely capacitive case, both resistance R and inductance L are zero. Again, Kirchhoff’s voltage rule implies 

[image: image60.emf]
which yields 

[image: image61.emf] [image: image62.emf].
On the other hand, the current is 

[image: image63.emf].
 
The above equation indicates that the maximum value of the current is 

[image: image64.emf],
where 

[image: image65.emf]
is called the capacitance reactance. It also has SI units of ohms and represents the effective resistance for a purely capacitive circuit. 

Notice that the voltage across the capacitor is zero while the current in the circuit is at a maximum. Thus, we say that the current leads the voltage by π/2 in a capacitive circuit. 

The  RLC  series circuit

Consider now the driven series RLC circuit. Applying Kirchhoff’s loop rule, we obtain 

[image: image66.emf],
which leads to the following differential equation: 

[image: image67.emf].
Assuming that the capacitor is initially uncharged so that  I = +dQ/dt  is proportional to the increase of charge in the capacitor, the above equation can be rewritten as 

[image: image68.emf].
 One possible solution to is 

[image: image69.emf]
where the amplitude and the phase are, respectively, 

[image: image70.emf][image: image71.emf][image: image72.emf]
and 

    [image: image73.emf].
The corresponding current is 

[image: image74.emf]
with an amplitude 

[image: image75.emf].
Notice that the current has the same amplitude and phase at all points in the series  RLC circuit.
In the series  RLC circuit, the effective resistance is the impedance, defined as 

[image: image76.emf].
The impedance also has SI units of ohms.
In terms of  Z, the current may be rewritten as 

[image: image77.emf].
Notice that the impedance  Z  also depends on the angular frequency, as do  XL  and  XC. 

The amplitude of the current reaches a maximum when   Z  is at a minimum. This occurs when   XL  =  XC, leading to 

[image: image78.emf].
The phenomenon is called a resonance, and the frequency is called the resonant frequency. 
At resonance, the impedance becomes  Z = R , the amplitude of the current is 

[image: image79.emf]
and the phase is zero. 
The amplitude of the current as a function of frequency in the driven RLC circuit. 

Power in an AC circuit

In the series  RLC circuit, the power delivered by the AC generator is given by 

[image: image80.emf] [image: image81.emf].
The time average of the power is 

[image: image82.emf].
The quantity  cos φ   is called the power factor. From Figure one can readily show that 

[image: image83.emf].
Thus, we may write  

[image: image84.emf].
We see that time average of the power attains the maximum when cos φ = 1, or  Z = R ,  which is the resonance condition. At resonance, we have 

[image: image85.emf].
Parallel   RLC Circuit

Consider the parallel  RLC circuit. Unlike the series   RLC circuit, the instantaneous voltages across all three circuit elements  R, L, and  C are the same, and each voltage is in phase with the current through the resistor. However, the currents through each element will be different. Using Kirchhoff’s junction rule, the total current in the circuit is simply the sum of all three currents. 

[image: image86.emf]
[image: image87.emf].
The (inverse) impedance of the circuit is given by 

[image: image88.emf].
The reciprocal of the impedance, 1/Z, is called the admittance and is expressed in terms of the unit of conductance.

The resonant frequency is the same as for the series   RLC  circuit. We readily see that  1/ Z is minimum (or Z is maximum) at resonance. The current in the inductor exactly cancels out the current in the capacitor, so that the total current in the circuit reaches a minimum, and is equal to the current in the resistor. 

As in the series  RLC  circuit, power is dissipated only through the resistor. The average power is 

[image: image89.emf].
Thus, the power factor in this case is 

[image: image90.emf].
The phenomenon of resonance is associated with a certain danger: the external emf may be small, but the voltages across individual elements of the circuit may attain the values dangerous for people. This should always be remembered.
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